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Abstract 
Let f : II - II be a continuous function where II is the unit interval. Let (JI, f) be the inverse limit 
space obtained from the inverse sequence all of whose maps are f and all of whose spaces are 1. 
This paper addresses the question of when (II, f) has the property that every homeomorphism of 
(1, S) has zero topological entropy. An obvious necessary condition for this is that f itself has zero 
topological entropy. In this paper it is proved that if f is piecewise monotone and has only finitely 
many periods. then every homeomorphism of (II, f) has zero entropy. 0 1998 Elsevier Science 
B.V. 
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1. Introduction 
Inverse limit spaces are a classical area of study in general topology. The study of these 
spaces have generated new interest because of the fact that some attractors of dynamical 
systems can be shown to be inverse limit spaces. Let f : X 4 X be a continuous 
mapping. Let (X, f) denote the inverse limit of the inverse system 
X;_fX-f f Xc-..’ 
Under certain circumstances an attractor of a hyperbolic differentiable dynamical sys- 
tem on a manifold will be an inverse limit of a system as above with X a branched 
manifold (see Williams [19]). Under these conditions it is also the case that the dynam- 
ical system restricted to the attractor is conjugate to the shift map associated with f on 
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the inverse limit (X, f). If the attractor is one-dimensional, the branched manifold will 
be a finite graph. See Barge and Diamond [4] for results relating properties of the map 
f to properties of the inverse limit space (X, f) when X is a finite graph. 
In this paper we restrict our attention to the case that X is just the unit interval 1. 
Barge and Martin [5-71 have shown that topological properties of the space (1, f) reflect 
dynamical properties of the mapping f : II + IL Our purpose here is to give conditions 
on the mapping f : II -+ II under which every homeomorphism of (1, f) has topological 
entropy zero. 
An immediate condition is necessary. For any continuous map f : II -+ II the shift map 
is a homeomorphism of (II, f) which has the same topological entropy as f. Thus we 
must require that the topological entropy of f be zero. However, this condition is not 
sufficient. In [ 141 Henderson constructed a mapping f : I + II which had the property 
that (ll, f) is the pseudoarc. The only periodic points of f in the Henderson construc- 
tion are endpoints of the interval which are fixed points. Thus, the topological entropy 
of f is zero. However, it is known that there are homeomorphisms of the pseudoarc 
which have positive topological entropy (see Kennedy [ 161). At the end of this paper 
we give a somewhat easier example of a function f : II -+ II which has zero entropy 
with a homeomorphism of (1, f) which has positive entropy. Thus, more restrictive 
conditions on the map f must be required than simply having zero entropy. The con- 
ditions that we require are that f be piecewise monotone and have only finitely many 
periods. The precise statement is given in Theorem 1 which is the main result of the 
paper. 
Theorem 1. Suppose that f : II + I[ is continuous and piecewise monotone. Suppose 
also that f has only finitely many periods. Then every homeomorphism of (I, f) has zero 
entropy. 
The proof of Theorem 1 reveals a very precise structure of the inverse limit space 
(II, f) which allows us to show that every homeomorphism of (iJ f) has zero entropy. It 
seems likely to us that this structure will be useful in other settings as well. 
After this paper was written, we received a preprint of Ye [20] in which it was proved 
that every homeomorphism of a Suslinean chainable continuum has zero entropy. It 
is, of course, well known that (1, f) IS a chainable continuum. Thus, one could ob- 
tain Theorem 1 by verifying that given the hypothesis of the theorem, (II, f) is Suslin- 
ean. More recently, Xiangdong Ye has informed us that he has been able to extend 
Theorem 1 by proving that the conclusion still holds under the assumptions that f is 
continuous, piecewise monotone, and has zero topological entropy. Despite the results 
of Ye, we feel that the techniques we use in this paper have interest in themselves 
and have been encouraged to publish the results with due acknowledgement of Ye’s 
results. 
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2. Preliminaries 
We assume that the reader is somewhat familiar with dynamical systems on the interval, 
and with the definition and basic properties of topological entropy. See the Lecture Notes 
volume by Block and Coppel [lo] for both of these topics. 
We assume that the reader has some familiarity with inverse systems of spaces and 
inverse limit spaces. See Isbell [15] for a careful categorical approach to inverse limits. 
We give here a brief description of the notation we use. We consider (I[, f) to be the 
collection of all threads in the countable infinite product of the space II. That is, 
(Il,f)= (3~0,~1,...)EfiIl: f(z,+l)=siforalli>O . 
{ 1=0 1 
The set (II, f) ’ g is iven the subspace topology that it inherits from the countable product 
space. Let i be a nonnegative integer. The projection 7ri : (II, f) + II is just the restriction 
of the projection 7ri : l-I,“=, II + I[ to the subspace (1, f). 
We say that f : [a, b] + [a, b] is piecewise monotone provided that there are points 
u=za<21 <..’ <2,=bsuchthatforeachi=0,1,2,...,n-l,fiseitherstrictly 
increasing or strictly decreasing on [zi, zi+i]. Let X be a topological space. A closed 
arc is an embedding of the closed unit interval into X. A ruy is an embedding of a 
half-open interval into X. 
There are a number of preliminary results that are needed for the proof of the main 
theorem of the paper. We isolate these here as lemmas. 
Lemma 2. Suppose that f : [0, l] --+ [0, l] is continuous and that all periodic points of 
f are fixed points. Suppose that J is a subinterval of [0, l] such that the restriction of 
f to J is strictly decreasing and f has a fixed point p in the interior of J. Then there 
is an open interval K c J with p E K and f(K) c K such that for all x E K, 
lim,,, fn(x) = p. Moreover for all x in K with x < p, x < f’(x) < p andfor all x 
in K with .‘L: > p, x > f”(x) > p. 
Proof. 
Case 1, There is a fixed point of f less than p. In this case let z be the supremum of 
such fixed points. Then f(x) > x for all x with z < x < p. Thus, for x > z sufficiently 
close to z, f*(x) > x. Since f* has no fixed points between z and p, f”(x) > x for all 
LI: in the open interval from z to p . There is a point w E J with t < w < p, f(w) > p, 
and f(w) E J. Let K = (w, f (w)). Then K c J and f(K) c K. Since f is order 
reversing on K and has no points of period two, the conclusion follows. 
Case 2. There is no fixed point off less than p. In this case f*(O) > 0, so the same 
proof works. 0 
Lemma 3. Suppose that X is a compact metric space and that A is an open subset 
of X such that A is homeomorphic to an open interval. Suppose that h : X -+ X is a 
homeomorphism such that h(A) = A. Then h(X\A) = X\A and ent(h) = ent(hlxiA). 
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Proof. Evidently, h(X\A) = X\A. Since A is homeomorphic to an open interval, there 
is an order on A and h* is order preserving. Since A is also open in X, it follows that 
L’(h*) n A = F(h*) f~ A where F(h*) is the set of fixed points of h’ and L?(h*) is the 
nonwandering set of h*. Since C2(h21X\A) U F(h*) = Q(h2) and ent(h2]Fch2,) = 0, it 
follows that 
ent(h’ln(hzi) = ent(h21c(h21x,,,). 
Thus we have 
en@*) = ent(h*ln(hz,) = ent(h*l++,,,) = ent(h21Aq_4). 
Thus 
ent(h) = ient(h2) = ient(h21x\A) = ent(h]x\A). 0 
Lemma 4. Suppose that Y = Yl U Y2 U . . . U Y, where yi n Yj = 8 for all i # j and 
for each i, Yi is either a point or a closed arc. If h : Y + Y is a homeomorphism, then 
the entropy of h is zero. 
Proof. First we note that the x’s are permuted by h since it is a homeomorphism. Hence 
for some positive integer k, h”(E) = 5 for each i. Now ent(hk) = ent(h”]yj) for some 
j. However, for this j, by Lemma 3 it must be that ent(hJC]Y3) = ent(hk]Ia,,,,l) where 
{aj, bj} are the endpoints of Yj. Thus ent(hk) = 0 and ent(h) = ent(hl)/k = 0. 0 
Let f : [0, l] -+ [0, l] b e continuous and let z be a fixed point of f . The unstable 
manifold of z is defined to be the set 
IV+, f) = n u frn(z - E, z + E). 
E>O ma0 
Analogously we defined the right and left unstable manifolds of z to be the sets 
B+,~,R) = n u f7,-?+&) and IP(z,f,L) = n U f”(z - E,z], 
E>O m>O E>O m>o 
respectively. Basic properties of unstable manifolds can be found in [lo, Chapter 31. 
Lemma 5. Suppose that f : [0, l] -+ [0, l] . IS continuous and all periodic points are fied. 
Suppose that pi and pj are fixed points of f. We define pi apj to mean that pi # pj and 
pj E W”(pi, f). Suppose that {pi,, pi?, . . . , pi, } are fixed points of f. Then it cannot 
happen that pi, a pi2 a . . . a pi, with the first and last elements of the chain equal. 
Proof. Note that the ordering defined in Lemma 5 may not be transitive. Suppose that 
pi, a pi2 a . . . a pi, with the first and last elements of the chain equal. Label the points 
Pz,,Pz,, . .7Pif_ as 41 < q2 < ... < Qn. Of course, we must have n < k since pi, = pi,. 
We remark that by 110, Lemmas III.22 and 111.23, pp. M-65], we cannot have two fixed 
points vi and ~2 with vi E WU(y , f) and with y E VP (vi, f) since f is not turbulent. 
But, qj E W”(ql , f) for some j > 1. Since WU(ql 7 f) is connected, q2 E W”(q1, f). 
Similarly, either q3 E W” (42, f) or qI E WU (q2, f). We cannot have the latter because 
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of the above remark. Thus, q3 E W”(q2, f). By induction qn E W” (qn_ I, f). However, 
qrL_l E U’“(q,, f) by the same argument. This contradicts the above remark and proves 
Lemma 5. 0 
Suppose that f : [0, l] 4 [0, l] is continuous and that p is a fixed point of f. Define 
x,~ 1 p to mean that 211 + p and there is a positive integer N such that for all n 3 N, 
2, 2 p. In an analogous fashion define 2, 1‘ p. Then define 
Lemma 6. Suppose that f : [0, l] + [0, l] is continuous and that p is a fixed point for 
f, but p is not a homoclinic JLixed point. If there is a S > 0 such that f restricted to the 
interval [p, p + S] is one-to-one, then K+(p) is either a ray or a point. Similarly, if there 
is a 5 > 0 such that f restricted to the interval [p - 6,p] is one-to-one, then K-(p) is 
either a ray or a point. 
Proof. We will only prove the statement for K+(p). The proof for K-(p) is similar. We 
assume that K+(p) is not a point, and show that K+(p) is a ray. If K+(p) is not a point, 
then there is a thread (za,zt, . . .) in K+(p) with 2, -+ p and 2, > p for n sufficiently 
large. The existence of this thread implies that there is an E > 0 with 6 > E such that the 
interval L = [p, p + E) has the property that f restricted to L is strictly increasing and 
f(z) > :I: for all z E (p>p+ E). Now the set LO of all the threads (Q,ZI, . . .) such that 
II’, E L for all 72 forms a set homeomorphic to L in (II, f). Let 2, be the set of all threads 
(~a~ 21,. . .) such that 5, E L for all n 3 d. Then f^(Zd) = x,+t and hence 2, is also 
a ray. Now K+(p) is the increasing union of the Zd’s. We need to show that each xd 
is open in K+(p). Once we have that it will follow that K+(p) is also a ray. Consider 
the projection rtd of (I[, f) to the dth coordinate. We will show that Td(K+(p)) c b, 11. 
This will imply that L is an open subset of the image of K+(p) under Xd and thus that 
rr;‘( L) n K+(p) = Ed is an open set in AT+(p). 
Claim. For all d > 0, Td(K+(p)) c [pT 11. 
Proof. Suppose not. Then there is a thread (~a,z1, . .) in K+(p) with Zd < p. Now for 
some N > d, zn E L for all n 2 N. This implies that there is a point p < .z < p f E 
with ,fNBd(z) = p. That is, z is homoclinic to p . This contradicts the assumption that p 
was assumed not to be a homoclinic fixed point. This proves the Claim and finishes the 
proof of Lemma 6. 0 
Lemma 7. Suppose that f : [0, l] + [0, l] is continuous; that p is a fixed point for f; 
and that all periodic points off are$xed points. Suppose that there is a 6 > 0 such that 
f restricted to the interval [p,p + S] is one-to-one and that f restricted to the interval 
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[p - S,p] is one-to-one. Then for each z = (50, ICI,. .) E K(p) exactly one of the 
following holds: 
(1)~ =pforall k; 
(2) Xk > p for all k; Or 
(3) xk < p fir all k. 
Proof. We claim that K(p) = K+(p) UK-(p). Clearly K(p) > K+(p) UK-(p). Now 
we show the opposite inclusion. Suppose not and let z = (xu, xi, . . .) E K(p) with x = 
(x0, xi,. .) $! K+(p) U K-(p). The only way that x = (XC,, ~1,. . .) q! K+(p) U K-(p) 
is that for every N there are 721, nz 2 N such that x,, < p and x122 > p. It follows that 
there is an interval J containing p in its interior such that f restricted to J is strictly 
decreasing. By Lemma 2, for all x in the open interval K c J of Lemma 2 with 2 > p, 
f*(x) < 5. However, there is a k with Xk+? E K, Xk+2 > p, and f*(Xk+Z) = xk > xk+2. 
These last two sentences are a contradiction. Thus, K(p) c K+(p) U K-(p) and thus 
K(P) = K+(p) u K-(p). 
Now x E K+(p) or 2 E K-(p). Also, since all periodic points of f are fixed points, 
p is not a homoclinic fixed point [ 10, Proposition 111.21, p. 641. Hence the conclusion 
follows from the Claim in the proof of Lemma 6. 0 
Lemma 8. Suppose that f : [0, l] --f [0, 11 is continuous; that p is a fixed point for f; 
and that all periodic points off arejixed points. Suppose that there is a 6 > 0 such that 
f restricted to the interval Ip,p + S] IS one-to-one and that f restricted to the interval 
[p - 6, p] is one-to-one. Then K(p) is either a point, a ray, or a copy of the reals. 
Proof. Since all periodic points of f are fixed points of f, it follows that f has no 
homoclinic fixed points [lo, Proposition 111.21. p. 641. Thus, by Lemma 6, K+(p) is 
a ray or point and K-(p) is a ray or point. By Lemma 7, K(p) = K+(p) U K-(p). 
Now K+(p) and K-(p) are each rays or points and their intersection is the single point 
F = (P,P, . . .). F rom Lemma 7, it follows that (.irol~(~))-‘(p, l] = K+(p)\{@} and 
(~ol~(p,)-t]O~~) = K-( p )\{ 1 p^ are both open subsets of K(p). This implies that the 
topology on K(p) is just the quotient topology we get by joining K+(p) and K-(p) at 
the point g Thus, K(p) is a point, a ray, or a copy of the reals. This proves Lemma 8. 0 
Lemma 9. Suppose that f : [0, l] + [0, l] is continuous and all periodic points are 
fixed. Suppose that (x0, x1, . .) is a thread in the inverse limit (II, f). Then the sequence 
(10,x1, . . .) converges to a Jixed point off. 
Proof. Suppose not. Then the thread has two distinct accumulation points p and q with 
p < q. Evidently p and q are nonwandering. By the main theorem of [I I] these points 
must be fixed. Clearly p E WU(q, f) and q E WU(p, f). Now by [lo, Lemma 111.22, 
p. 641, p E W” (q, f, L) and q E W”(p, f, R). By [ 10, Lemma 111.23, p. 651, f is 
turbulent. a contradiction. 0 
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3. Proof of the main theorem 
We would like to show that if f has zero entropy, then any homeomorphism of (I, .f) 
also has zero entropy. Such a statement is false in this generality, and we give counterex- 
amples at the end of the paper. However, we are able to prove the following theorem. 
Theorem 1. Suppose that f : [0, l] + [0, l] 1s continuous and piecewise monotone. Sup- 
pose also that f has only finitely many periods. Then every homeomorphism of (I, f) 
has zero entropy. 
Proof. Suppose that f : [0, l] -+ [0, l] is continuous and piecewise monotone and that f 
has only finitely many periods. Then f” has only fixed points for some iterate n of f. 
Since (Il, f) is homeomorphic to (I, fn), we may assume that f has only fixed points 
and is piecewise monotone. Let t 1, t2, . ~ t, be the turning points of f including the 
endpoints of the interval. We note that in an interval [t%, t,+i] where f is decreasing 
there is at most one fixed point of f. Now consider any interval [ti, &+I] on which f 
is increasing. Suppose that there are two or more fixed points in [ti, ti+i]. Let z < 1~ 
be the minimal and maximal fixed points. Then [r, y] is invariant and f restricted to 
the interval [z, v] is a homeomorphism. There are finitely many such intervals in [0, l] 
and the collection of these is pairwise disjoint. Let us call them Jr, 52, . . . , J,. Each is 
invariant under f, and f is a homeomorphism on each one. The union of these intervals 
contains all of the fixed points of f except for a finite number. 
Let pt , p?, . , pk be the fixed points of f which are either endpoints of one of the 
intervals Jt , .Jz, . . , J, or one of the fixed points not contained in any of the intervals 
JI, Jz>. . . , JT,. As defined before K(pi) is just the set of threads that converge to pI. 
We now define j, = ((~0.~1,. . .) E (II; f) 1 err, E Ji b’n}. Clearly each j, is an arc. 
Note that by Lemma 9, 
(1, f) = h’(p1) u.. . u h’(Pk) u j, u . . . u &. 
Also, it follows from Lemma 8 that each K(pi) is either a point, a ray, or a copy of 
the reals in (1, f). 
By Lemma 4 if X is compact and consists of finitely many disjoint sets which are just 
single points and closed arcs, then any homeomorphism of X has zero entropy. If k is 
a homeomorphism of the inverse limit space (Il, f), then we will show that h has zero 
entropy by reducing the problem to this case. This will be done by eliminating successive 
nondegenerate K(pi)‘s from (Jl, f). 
If all of the K(pi)‘s are degenerate to begin with, then (I, f) is an arc. Thus in 
this case any homeomorphism of (1, f) h as zero entropy. So we suppose that h is a 
homeomorphism of (1, f) and that at least one of the I((pi)‘s is nondegenerate. 
Now, invoking Lemma 5, let pj, be such that K(pj,) is nondegenerate and such that 
there is no pj with pj apj,. We will show that K(pj,)\{pj,,} is an open subset of (lI, f). 
This is proved in Claim 1. In Claim 8 we give a subtle improvement of Claim 1. 
Claim 1. K(pj,)\{gjO} is an open subset of (II, f ). 
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Proof. Suppose not. Then there is an L in K(pjO)\{p^,,} such that z is in the closure of 
the complement of K(pj,,)\{pZi,}. N ow the closure of the complement of K(pjO)\{gjo} 
in (II, f) is contained in 
So, z must be in one of the finitely many sets listed. Suppose that 2 is in some jP. Let 
2 = (xu,~t,x~, . . .). Then zn E JP for all rz. However, since 5 E K(pJO), 5, + pjO. 
Thus, p,, E JP. By the choices of the pj’s, we must now have that pjO must be an 
endpoint of Jr,. Now suppose that z E K+(pj,). Then pj, must be the left endpoint 
of JP. Also, it must be that K+(pj,) C jp. Thus, 5 E K+(pj,)\{p^j,} c jp and any 
sequence of points of jP converging to z are finally in K(pjo)\{@jo}. So if K&,)\{@&} 
is not an open subset of (I, f) then there must be an z in K(pj,)\{&} which is in the 
closure of one of the other h’(~~)‘s. 
Suppose that 
II: = (zo,sl,. . .I E [K(pja)\{Fjj,l] nK(pj) 
~ - 
for some j # ju. We note that f^-‘(K(p,)) = K(pj). Also, f^-‘(K(pj)) = K(pj). 
Thus, each point f^-“(x) = ( xk. zk+], . .) is in h’(pj). However, 2 is in K(pj,) and 
consequently x, + pj,. Thus, f-“(x) = (zk, xk+l, . . .) + &, and hence i)& E K&j). 
We will now show that Fjjo E K(p,) implies that pjO E WU(pj, f). Let E > 0. There 
is an ;c = (xo,.zz~, . .) E K(pj) such that d^(x,$j,) < E. Thus, xo E W‘(pj, f) and 
d(zc,pj”) < E. Since E was arbitrary, p,,, E WU(pj, f). However, pj, E W” (pj , f) is the 
same as saying that pJ a pjo, a contradiction of our choice of pjO. 0 
Claim2. Foranyj= l...., kands= l,... , m, K(pj) n js is a closed connected set. 
The same holds with K(pj) replaced by K+(pj) or by K-(pj). 
Proof. Let a, b E K(p,) n j,. Let a = (~,,a~, .) and let b = (bu,bt,. .). There is an 
ordering + on J, such that for each T the projection rr, : j, + II is order preserving. 
Suppose that c = (cc, cl, _ . .) E j, with a -x c -x 6. Then a, < cr < 6, for each 
r. Since each a, and 6, are in 7rr (K(pj)) and 7r,( K(pj)) is a connected subset of I, 
we must also have that cT E 7rT(K(pj)). This shows that for every T there is a point 
x = (x0,x1,. . .) E K(pj) such that x0 = Q,XI = cl,. . . ,xT = c,. Since K(p3) is 
closed c must be in K (pj). This proves Claim 2. 0 
Claim 3. The sets K+(pt) n [K+(p,)\{$j}] and K-(pl) n [Kf(pj)\{p^,}] are each 
connected. 
Proof. We will show that the set Kf(pr) n [Kf(pj)\{&}] is connected. The proof 
that K-(R) n W+(P~\G?~ is connected is similar. Suppose that a # b E K+(pt) n 
[K+(~j)\{pnjH. N ow K+(P,)\{%) h 1s omeomorphic to the reals and the ordering is 
determined by a = (au, at, . .) -X b = (60, 61, . .) if and only if there is an N such that 
for all k 3 N, ak < bk in 1. Since a # b we may assume that a = (a~, al,. . .) < b = 
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(bo, br, . .) in th is ordering. Now Kf(pl) n [K+(pj)\{fTj}] is connected if and only if 
it is an interval. Thus, we need to show that if c = (cg, cl,. . .) E K+(pj)\{p??} with 
a 4 c + b, then c E K+(pl). Now by the ordering on K+(pj)\{&} there must be an 
N such that for all k 3 N, Uk < Ck < bk. Now let k be any integer with k 3 N. Now 
there is a sequence 2, + CL with z, E K+(pr) for all n. Similarly, there is a sequence 
y,~bwithy,~K+(pl)foralln.Let~~=(z,n,~~,...)andy,=(y,n,y;,...).Then 
for each n, X: + pl and y,” + pl as r + 03. Now let z, be close enough to a and yn 
close enough to b that 2: < ck < yz. Now ~(lS+(pl)) is a connected subset of II and 
contains the points 2; and yt. This implies that there is a point zk E K+(pl) with the 
property that ?rk (&) = ck. This alS0 implies that zk = (G-J, Cl, . . , Ck, Zk+l, .). Now 
this sequence (zk}~& has the property that .zk + c as k - co. We have now shown 
that c E Kf(pr) and completes the proof that K+(pl) r7 [K+(pj)\{p^,}] is connected. 
This proves Claim 3. 0 
Claim 4. Suppose that for some 1 # j, 
K+on [K+(Pj)\{p^j}] # 0. 
z-hen W+(P~)\@}] C K+(B). Suppose thatforsome 1 # j. K-(pl)f~[K+(p~)\{p^~}] # 
0. Then [~+(Pj)\{iG}] c K-(m). 
Proof. We will only show the first case since the arguments are similar for both cases. 
Suppose that for some 1 # j, Kf(pl) n [K+(pj)\{j?j}] # 0. Then by Claim 3 it must be 
thatK+(pl)n[Kf(Pj)!{p^,}l is connected. However, both K+(pl) and K+(pj)\{p^j} are 
invariant under f and f-‘. If x E Kf(pj)\{gj}, then f-“(z) + & and fk(z) + cc in 
the ray [0, cc) M K+(p^,). Thus K+(pl) n [K+(pj)\{&}] must be all of K+(pj)\{p?,}. 
Thus [K+(nj)\{gj}] C K+(pl). This proves Claim 4. 0 
Let IV be the collection of all subsets A of (1, f) such that 
(1) A is homeomorphic to an open interval; 
(2) A is open in (II, f); and 
(3) A is maximal with respect to properties (1) and (2). 
Claim 5. Let Ak be an element of V’. For any j, if [K+(pj)\{j5j}] n Ak # 0, then 
[h’+(Pj)\{Sj}] C & Similarly, if[K-(pj)\{&}]n& # 8, then [K-(pj)\{p^,}] C & 
proof. Suppose that [K+(&)\{&}]nAk # 8. We need to show that Kf(pj)\{p^j} subset&. 
BY Lemma 6, K+(pj)\{p^,} is either empty or homeomorphic to the reals. In our case, 
hP’((p,7 )\{p^,} must be homeomorphic to the reals. Now the only way that ~+(p~)\{@~} 
is not contained in Ak is if 
WFP [~+(~.d\{P^~j)] f 0 or WP~ n [~+b~J\@~j)] f 0 
for some 1 # j. By Claim 4, this implies that 
[~+(nj)\@$J] C K+(Pz) or [K+(~j)\{p^,}] c K-(R). 
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Thus [K+(pj)\{p^j}] n Al, = 0 , a contradiction. 0 
We remark that if [K+(pj)\(P^j}]f~A, # 0 and [K-(pj)\{$}]f~A~, #0, then k = r. 
This fact will not be used later, but is of some interest. 
Claim 6. W is a jinite set. 
Proof. By Claim 5, if A,,, E W and A, n [K+(pj)\{p^3}] # 0, then K+(pj)\{P^j} c A,, 
and the same is true for K-(pj). Hence, there are at most finitely many of elements 
of W which intersect any of the K(pj)‘s. Thus it suffices to show that there are only 
finitely many elements of IV which are a subset of j, for each s. 
Suppose that some pj is an endpoint of some J,. We may assume that pj is the left 
endpoint of J,. Then K+(pj) is contained in j,, and by Lemma 7 K-(pj) rl j, = {&}_ 
It follows that, the elements of W which are contained in j, are precisely the compo- 
nents of int(js)\[&,BJs K(pj) n js]. This last set is just the complement in the open 
arc int(Js) of a finite number of closed connected sets. Thus it is a finite number of open 
arcs. This proves Claim 6. 0 
Let lV= {Al,A2,..., A4} using Claim 6. Of course, Aj n Ak # 0 for all j # Ic. 
Claim 7. For any s, [(E,f)\IJ~_l Aj] n js is a jinite union of closed intervals and 
points. 
Proof. The set [(I, f)\ U,“=, Aj] n j, is the union of sets of the form K(pj) n J,. These 
sets are each closed intervals or points by Claim 2. There are only a finite number of 
such sets. This proves Claim 7. •I 
Claim 8. There is an Aj E W such that [K(pjO)\{@jO}] c Aj. 
Proof. Suppose not. Then by Claim 5 both K+(pj,)\{&,} and K-(pjO)\{&,} are 
nonempty and & is not in an open subset of (1, f) homeomorphic to an open arc. 
Thus, &, E K(p,) for some T # jo. This cannot occur by the proof of Claim 1. This 
contradiction shows that if both K+(pjC,)\{&} and K-(pjo)\{&,} are nonempty, then 
in fact K(pj,) c A, for some Aj E W. 0 
Now we will show that any homeomorphism h : (IL f) + (IL, f) must have zero entropy. 
Let h be any such homeomorphism. Since h permutes the elements of W, there is 
a positive integer .s with the property that h’(Aj) = Aj for every Aj E W. Also, 
(II, f)\ UT,, Aj is invariant under h, since U,“=, Aj is invariant under h. 
Now since 
ent(h”) = ent(ffl(~,~,:u;=,A,) 
by Lemma 3 and ent(h”) = s . ent(h), we have 
ent(V = ent(hl~~,f,:y=,A,). 
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Note that if (lI, f)\ @=i Aj isasubsetof{p^l}u~~~u{&}u~lU~2U~~~U~m,then 
by Claim 7 it is the finite disjoint union of points and closed intervals and 
ent(hl(n.f)\U;=,A,) = ~ent(l2”l(,.f),u:;,a,) = 0
by Lemma 4. 
If (1, f)\ U;,, 4 . lsnotasubsetof{p^l}U...U{p^r,}Uj,UjZU...Ujm,thenthereis 
a nondegenerate K+(pj)\{p^J} or K-(pj)\{p?i} entirely contained in (Il, f)\ lJT=i A,. 
This follows from Claim 5. 
We note also by Claim 8 that K(~lro)\{&,} is contained in Ug,, Aj . Let Xi = 
(1, f)\ Ug=, Aj. W e can find a p^3, with K(pj, ) 0 Xi nondegenerate such that p^3, $ 
K(p,) n X1 for any r. 
Let W’ be the collection of all subsets A of Xi such that 
(I) A is homeomorphic to an open interval; 
(2) A is open in Xi ; and 
(3) A is maximal with respect to properties (1) and (2). 
We can repeat the above argument to show that W’ is finite and K(pj,) n [Xi\{@&}] 
is entirely contained in one of the elements of IV’. Let W’ = {A:, . . , A:,}. We can 
then argue that Xi\ U$, A; is invariant under h and ent(h) = ent(hl,l,u:l,ak). We 
continue this process. 
Inductively we construct a finite sequence of subspaces of (ll, f) given as (Il, f) = 
x0 1 
(1) 
(2) 
(3) 
(4) 
(5) 
(6) 
(7) 
x, 3 ... > X, satisfying the following properties. 
Let wi be the collection of all subsets A of Xi such that (1) A is homeomorphic 
to an open interval; (2) A is open in Xi; and (3) A is maximal with respect to 
properties (I) and (2). 
For all i, Xi+] = Xi\ UAEW, A. 
Foreachi,Xin[{p^l}u... U {&} U 3, U . U jm] is a finite disjoint collection 
of points and closed intervals. 
For all i, h(Xi) = Xi. 
For all i, ent(hlx,+,) = ent(hl_x%). 
For all 6 if [K+(pj)\{Pj}] n Xi # 0, then [K+(pj)\{p?i}] c Xi and if 
k-(~~)\G$}l n Xi # 0, then [K-(pj)\{Fj}] c Xi. 
For each i, there is a pj, such that either 
[~%,)\&,i)] n Xi # 0 and [“+(~~J\{p^})l n Xi+l = 0 
or 
[K-(P~,)\E~,)] n Xi # 0 and [K-(pj,)\{p^j,}] n xi+l = 0. 
X, is a finite disjoint union of points and closed arcs contained in 
{p^l}u~~.u{~~}u~,u...u~~. 
In the first part of the proof we showed how to obtain Xi from (1, f) = X0. All the 
steps of that proof can now be applied to Xi to obtain the next space X2 and so on. 
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For each ,i = 0, 1, . . . , r - 1 by (7) some nonempty h’+(pj)\{p^j} or K-(pj)\{p^j} is 
completely removed from Xi along with possibly other points to form Xi+ 1. Since there 
are only a finite number of such sets to be removed, this process will finally end with X, a 
finite disjoint union of points and closed arcs contained in {@I} U. .U {&} U jl U. . .Uj,. 
We have ent(h) = ent(hlx,) = 0 by Lemma 4. 0 
4. An example 
In this section we give an example of a map f : II + II which satisfies all the conditions 
of Theorem 1 except that f is not piecewise monotone, such that the conclusion of 
Theorem 1 is not satisfied. It will be seen in the construction that f is actually piecewise 
monotone on any subinterval of II that does not contain the point 1. The map f : II + II 
given by Henderson in [14] also has the properties of the example that we give below, 
but is more complicated. It is also more complicated with Henderson’s example to show 
that there is a homeomorphism of (1, f) which has positive entropy (see Kennedy [ 161 
or Mint and Transue [ 171). 
We now define the function f : II + II and describe its properties. Let II = [0, l] and let 
{~}gu be a sequence of points in I[ such that 
(1) a0 = 0, 
(2) aL < ai+i for all i, and 
(3) ai + 1. 
Then let 1i = [a~+~~+, ] for i = 0,1,2,. . . For i = -1 let 1-i = (0). We use the 
points {di}zo and the intervals {I~}~_, to describe the map f : I[ + IL We first describe 
the map restricted to the interval 1, for i = 0, 1,2, . . . , fi = fl& :I, --+ l&-1. If i = 0, 
then let fo E 0 on IO. If i > 0, then let fi be a piecewise linear map determined by 
fi(a2i) = fi(a2i+1) = a2(2--1) and fi((a2i + ~2i+1)/2) = a2(i--l)+l (see Fig. 1). 
On the intervening intervals extend f linearly. Then f will be piecewise linear on any 
interval [0, ui] and for any sequence Q + 1, f(zi) + 1. It will also be convenient to 
identify the intervals between the intervals 1,. Let Ji = [u2i+l, u2i+2] (see Fig. 2). 
Now let X = (I[, f). Note that the map f has entropy zero on II, since the only periodic 
points of f are 0 and 1. However, we will now show that there is a homeomorphism 
g : X + X which has positive entropy. First we will characterize the space X. Since 
f has two fixed points, namely 0 and 1, we have two distinguished points 6 and 1 in 
X. We will now define a subset X0 c X which we will show is homeomorphic to the 
Knaster continuum which can be thought of as (II, h) where h is the full tent map on II. 
h(x) = 
{ 
F; 2x 
3 
;,; : z k/;’ 
\ 1’ 
Thought of this way, th_e shift map, x, associated with h is a homeomorphism of (I[, h) 
which has entropy ent(h) = ln(2). 
We will then show that there is a homeomorphism g : X + X which has the propert? 
that glx,, is a homeomorphism of X0 onto itself which is conjugate to the shift map h 
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‘i 
Fig. 1. 
4 12 4 
I 
Fig. 2. 
mentioned above. Thus, g will be a homeomorphism with ent(g) > ln(2). In fact, it is 
the case that ent(g) = ln(2). 
The subspace X0. Let Xc = {(xi)gO 1 zi E Ii for all i}. The following commutative 
diagram shows that X0 is homeomorphic to (Ii, h). 
In the above diagram, f is really the restriction of f to the interval 1i and the map 
pi is the linear map from 1% to I defined by pi (u~i) = 0 and p, (uzi+i) = 1. Clearly 
X0 is the inverse limit of the top inverse system in the above diagram and (I, h) is the 
inverse limit of the inverse system in the bottom of the diagram. The maps pi are all 
homeomorphisms, and thus they induce a homeomorphism p between Xa and (I, h). 
We now produce the map g : X + X which has the property that g is a homeomor- 
phism with ent(g) = ln(2). We define g as the limit of a map of inverse systems. Let 
gi : II -+ II be a piecewise linear function defined by 
Si(0) = 0, gi(/J2i) = Qir gi u2i +2a2”+l ( > = a2i+1, 
_9t(a2i+l) =a2i, gi(a2i+2)= a22+2, &(I) = 1. 
Fig. 3 gives the graph of gi. 
Now the map g is defined as the inverse limit of the following commutative diagram 
of inverse systems. 
Since gi(Ii) c Ii for each i, it is clear that Xa is invariant under the map g. A little 
effort will also show that glxO : Xa + Xa is conjugate to the shift map ^ h on the Knaster 
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continuum (II, h) and in particular g(Xa) = Xc. In fact, the homeomorphism p : X0 --+ 
(II, h) defined above is a conjugacy. Thus, ent(glx”) = ln(2) and thus ent(g) 3 ln(2). 
The only detail left is to show that g is a homeomorphism of X onto itself. After doing 
that we will then indicate some other properties of the example that are interesting, but 
not directly relevant to our purpose here. 
Recall that we defined the intervals Ji = [azi+ 1, u2i+2] earlier. Now let 
A0 = ( (zi)Eo 1 zi E Ii U Ji for all i and xk $ I,, for some k}. 
To outline the proof we will show the following statements as a sequence of claims: 
(1) g is onto; 
(2) g(x) = x for all x 4 A* U XO; 
(3) g(X0) = X0; 
(4) g(Ao) = A,; 
(5) glxO is one-to-one; and 
(6) glAo is one-to-one. 
By (l), g must be onto and (2)-(6) imply that g must be one-to-one. Since 
continuous and X is a compact metrizable space, g must be a homeomorphism. 
Claim 1. g is onto. 
g is 
Proof. Clearly each gz is onto. But since all the spaces in the inverse systems are compact, 
this implies that the limit map g is also onto. 0 
Claim 2. g(x) = x for all x +! A0 U X0. 
Proof. Suppose that x = (xi)zO is a thread in X and that x 4 X0 U Ao. Then x, is 
not an element of Ii U Ji for some i. However, this implies that xz is not an element of 
1, U Ji for any i. Since gi is the identity off of Ii U Ji, this implies that gi(xi) = xi for 
all i and thus g(x) = x as required. 0 
Claim 3. g(Xo) = X0. 
Proof. This has already been shown. •I 
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Claim 4. g(Ao) = Ao. 
Proof. First we show that g(Ao) c Ao. Suppose that x = (xi)Ee is a thread in X and 
that z E Ao. Then by definition, ICY E 1i U Ji for all i and for some m, x, $ I,. We need 
to show that g(z) = (gi(xci))gO is also an element of Ao. Since gi(Ii U Ji) = & U Ji, it 
is clear that g(x) E Xa U AC,. We only need to verify that g(x) $ X0. That is, we need to 
show that (g(x))k = gk(xk) 4 Ik for some k. Consider the m such that 2, $1,. Now 
it may be that gm(xm) E I,. However, it cannot be the case that gm+l (z,+ I ) E &+I 
otherwise f(z,+l ) E 1, because the following diagram commutes. 
1, U Jm-An+, u J,+I 
I P I 4 
I m+~ u Jm+l =%+I u Jm+l 
where p and q are piecewise linear maps so that p maps 1, linearly onto Im+t and J, 
linearly onto Jm+t and so that q is just the identity on Im+t U Jm+ 1. However, this shows 
that f(x,+~) = x, E I, contradicting the fact that we assumed that x, q! I,. This 
proves that g(Ao) c Ao. Now we show that g(Ao) = Ao. We know that the following 
diagram is commutative. 
f 1, u JO+-- II u J, ,f 12 u J2 -fI~,uJj ... XOuAO 
1 
SO 
1 
91 
1 
!a 4 $73 ... i 9 10 u JO - ’ I,uJ,-12uJ2L13uJ3 ... X,uAo 
Since 1, U Ji is compact for each i and each gi is onto, it must be the case that the 
limit function is also onto. That is, g(Xs U Ao) = XO U Ao. We already have shown that 
g(Xa) = XO and thus, g(Ao) = Ao. 0 
Claim 5. glxn is one-to-one. 
Proof. It has already been shown that the map glxO : Xa -+ Xa is conjugate to the shift 
map h on (I[, h). Since the shift map ^ h is a homeomorphism. g1 x,, must be one-to-one. 0 
Claim 6. gIAo is one-to-one. 
Proof. Suppose that x = (zi)zO and y = (yi),oO=a are two distinct threads in Ao. Now 
there is an m such that 2, $! 1,. As a matter of fact, for all i 3 m it must also be that 
xi $! 1,. Similarly, there is a Ic such that yk $ Ik and for all i > k it must be that yi q! li. 
Since the points are distinct, there must be an i such that i > max{m, Ic} with xi # yi. 
However, gi is one-to-one on the interval Ji and thus gi(zi) # gi(yi). But this proves 
that g(r) and g(y) differ in the ith coordinate. 0 
This completes the proof of the claims and we have now shown all the properties of 
the example related to the purpose of the paper. We would now like to also mention 
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f(A,) 
lb 
a . . . 
6 
&\. 
v- 
-T7_ _ I--- 
m x, 
. . . 0 
Fig. 4. (II, f). 
without proof some other properties of the example that are of interest in themselves. 
The space X can be characterized as the following union: 
{q u ( u iY XOUAO) u {i}. 
7LE.Z 
) 
Since the shift map f^ is a homeomorphism j”(Xo) will be a copy of the Knaster 
continuum for each n. It is also true that these images are pairwise disjoint. Now f^n(XoU 
Ao) n fm(Xo U A*) is disjoint unless n- = ‘m or n = m + 1. In the latter cases, the 
intersection is a single point. The space XoUAo is a closed subcontinuum homeomorphic 
to the Knaster continuum Xo together with the half-ray [0, W) M ACJ whose closure 
contains Xo. The space can be visualized as in Fig. 4. 
The double sequence of Knaster continua and attendant rays is such that p,(Xo U 
Ao)+6as7~+_=oandf^~(XoUAo) + i as n ---f -co. The shift map f^ simply leaves 
the two points 0 and i fixed and maps the Knaster continua and their attendant rays 
homeomorphically to the next copy to the left. 
This example is fairly simple and the homeomorphism which has positive entropy is 
also fairly simple to visualize. We suspect that modified versions of this example could 
be useful in other contexts. 
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